Abstract. The phase transition for the (2 + 1)-dimensional spin-S = 1 XY model was investigated numerically. Because of the boson-vortex duality, the spin stiffness ρs in the ordered phase and the vortexcondensate stiffness ρv in the disordered phase should have a close relationship. We employed the exact diagonalization method, which yields the excitation gap directly. As a result, we estimate the amplitude ratios ρs,v/∆ (∆: Mott insulator gap) by means of the scaling analyses for the finite-size cluster with N ≤ 22 spins. The ratio ρs/ρv admits a quantitative measure of deviation from selfduality.
the Higgs-mass m H and the Mott-insulator ∆ gaps above the ground state; in the terminology of the quantum spin model, the former (latter) corresponds to the longitudinal mode of the magnetic moment (paramagnetic massive excitation). (On the one hand, the Goldstone excitation corresponds to the transverse mode of the magnetic moment.) A key ingredient is that these quantities possess the identical scaling dimension, and the amplitude ratios among them make sense.
Recently, the duality-mediated amplitude ratios ρ s,v /∆ came under theoretical investigation by means of the Monte Carlo [4, 9] and renormalization-group [10, 11, 12] methods.
In prior to these studies, the mass-gap amplitude ratio m H /∆ has been investigated rather extensively [9, 13, 14, 15, 16, 17] . As a matter of fact, for the two-dimensional ultra cold atom, these mass gaps were observed in proximity to the superfluid-insulator transition [18] ; see Ref. [19] for a review.
The aim of this paper is to investigate these amplitude ratios for the (2 + 1)-dimensional S = 1 XY model (1) by means of the exact diagonalization method. This method allows us to calculate the energy gaps such as m H and ∆ without resorting to the inverse Laplace transformation [9] . Moreover, the ground-state resolvent (response function) such as the second term of Eq. (5) is evaluated by means of the continued-fraction-expansion method [20] ; the continued-fraction-expansion method is essentially the same as the Lanczos tri-diagonalization algorithm, and computationally less demanding. Otherwise, the finite-temperature effect (anisotropy between the imaginarytime and real-space system sizes) has to be considered carefully [21] .
The Hamiltonian for the two-dimensional S = 1 XY model is given by
with the S = 1-spin operators {S i } placed at the squarelattice points, i = 1, 2, . . . , N . Here, the summations ij , ij , [ijkl] run over all possible nearest-neighbor ij , next-nearestneighbor ij , and plaquette spins [ijkl], respectively. anisotropy. We restrict ourselves to the parameter sub-
beside the critical point [22] (J * The critical point (3) was fixed [22] so as to suppress corrections to scaling; namely, the critical point was determined via a preliminary approximate real-space-decimation method followed by the (ordinary) finite-size-scaling scheme.
The rest of this paper is organized as follows. In the next section, we present the simulation results. A comparison with the preceeding results is made as well. In Sec. 3, we address the summary and discussions.
Numerical results
In this section, we present the numerical results. We employed the exact diagonalization method for the two-dimensional S = 1 XY model (1) . We implemented the screw-boundary condition [23] , which enables us to treat a variety of system sizes N = 10, 12, . . . , 22; the simulation algorithm is presented in Ref. [22] . Because the N spins constitute a rectangular cluster, the linear dimension of the cluster is given by L = √ N , which sets a fundamental length scale for the scaling analyses. 
parameterized by δJ N N . In a preliminary survey, we found that within this interaction subspace, the ratio ρ s /m H is kept invariant for a considerably wide range of δJ N N .
In Fig. 2 , we present the scaling plot,
for various (+) N = 18, (×) 20, and ( * ) 22. Here, the scaling parameter ν is set to ν = 0.6717, which is taken from the existing literatures, Ref. [24, 25] ; note that the superfluid-insulator criticality belongs to the three-dimensional XY universality class. Hence, there is no adjustable fitting parameter involved in the present scaling analysis.
The spin stiffness is given by the formula
with the ground-state energy (vector) E 0 (|0 ), projection operator P = 1 − |0 0|, the current operator J, and the diamagnetic contribution T ; explicit expressions for J and T are presented in Appendix. We stress that the ground state resolvent (the second term of Eq. (5)) is readily evaluated with the continued-fraction expansion [20] .
The data in Fig In Fig. 4 , we plot the approximate amplitude ratio
Here, the approximate amplitude ratio ρ s /m H denotes the plateau height
at the extremal point, 
A remark is in order. According to our preliminary survey, the combination ρ s /m H turned out to be an optimal one in the sense that the ratio exhibits a stable plateau for a considerably wide range of δJ N N . Experimentally, the Higgs mass m H became observable even in close vicinity of the critical point [18] . For that purpose, we survey the parameter subspace
parameterized by a single variable δJ N N . In a preliminary survey, we found that within this subspace, the amplitude ratio ρ s /ρ v exhibits a stable plateau in an appreciable range of δJ N N .
In In Fig. 6 , we present the approximate ratio ρ s /ρ v for 1/L 2 . Here, the approximate ratio ρ s /ρ v denotes the plateau
with ∂ δJNN (ρ s /ρ v )| δJNN =δJNN = 0 for each N = 10, 12, . . . , 22.
The least-squares fit to these data yields an estimate ρ s /ρ v = 0.1731(50) in the thermodynamic limit L → ∞. The irregularity around 1/L 2 = 0.05(≈ 1/4.5 2 ) may be due to the artifact of the screw-boundary condition [23] . As in Sec. 
The amplitude ratio provides a "quantitative measure" [4] of deviation from selfduality; we stress that the formal duality argument does not fix the ratio ρ s /ρ v quantitatively.
Amplitude ratios ρ s,v /∆
In this section, we dwell on the expressions, ρ s,v /∆, which are the central concern in the preceding studies. A comparison with these studies follows. For that purpose, we resort to a relation m H /∆ = 2.1(2) [15] . Based on this relation, we convert the results, Eqs. (7) and (10), into
and
This is a good position to address an overview of the related studies; see Table 1 
Summary and discussions
The duality-mediated critical amplitude ratios were in- The ratio mH/∆ has been investigated rather extensively so far [13, 14, 15, 16, 17] . two-dimensional cluster under the screw-boundary condition. We adopted the simulation algorithm presented in
Ref. [22] . Here, for the sake of self-consistency, we present explicit expressions for the perturbation operators, J, T , and N k in the screw-boundary-condition representation. The current operator J is given by Similarly, the charge-density-wave operator is defined as
e ikj S z j , and the charge-density-wave susceptibility is given by the formula χ ρ (k) =
